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In 1974, M. Herzog and J. Schönheim extended Erdös' conjecture for arbitrary groups and conjectured that if $\documentclass[12pt]{minimal}
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                \begin{document}$$d_1,\ldots ,d_s$$\end{document}$ cannot be distinct. In the 1980's, in a series of papers, M.A. Berger, A. Felzenbaum and A.S. Fraenkel studied the Herzog-Schönheim conjecture \[[@CR2]--[@CR4]\] and in \[[@CR5]\] they proved the conjecture is true for the pyramidal groups \[[@CR14]\], a subclass of the finite solvable groups. Coset partitions of finite groups with additional assumptions on the subgroups of the partition have been extensively studied. We refer to \[[@CR6], [@CR33], [@CR36], [@CR37]\]. In \[[@CR18]\], the authors very recently proved that the conjecture is true for all groups of order less than 1440.

The common approach to the Herzog-Schönheim (HS) conjecture is to study it in finite groups. Indeed, given any group *G*, every coset partition of *G* induces a coset partition of a finite quotient group of *G* with the same indices \[[@CR17]\]. In this paper, we present a completely different approach to the HS conjecture. The idea is to study it in free groups of finite rank and from there to provide answers for every group. This is possible since any finite or finitely generated group is a quotient group of a free group of finite rank and any coset partition of a quotient group *F*/*N* induces a coset partition of *F* with the same indices \[[@CR7]\]. In order to study the Herzog-Schönheim conjecture in free groups of finite rank, we use the machinery of covering spaces. A pair $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\tilde{X},p)$$\end{document}$ is a *covering space* of a topological space *X* if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{X}$$\end{document}$ is a path connected space, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p: \tilde{X}\rightarrow X$$\end{document}$ is an open continuous surjection and every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in X$$\end{document}$ has an open neighborhood $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_x$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p^{-1}(U_x)$$\end{document}$ is a disjoint union of open sets in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{X}$$\end{document}$, each of which is mapped homeomorphically onto $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_x$$\end{document}$ by *p*. For each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in X$$\end{document}$, the non-empty set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y_x=p^{-1}(x)$$\end{document}$ is called *the fiber over* *x* and for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,x' \in X$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mid Y_x \mid =\mid Y_{x'}\mid $$\end{document}$. If the cardinal of a fiber is *m*, one says that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\tilde{X},p)$$\end{document}$ is a *m-sheeted covering* (*m*-fold cover) of *X* \[[@CR15], [@CR29]\].

The fundamental group of the bouquet with *n* leaves (or the wedge sum of *n* circles), *X*, is $\documentclass[12pt]{minimal}
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In general, for any automaton *M*, with alphabet $\documentclass[12pt]{minimal}
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In \[[@CR8]\], we study the properties of the transition matrices and generating functions of the Schreier automata in the context of coset partitions of the free group. Let $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar1}
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Furthermore, we show the Herzog-Schönheim conjecture in free groups can be translated into a conjecture on automata.

Conjecture 1 {#FPar2}
------------
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Theorem 2 {#FPar3}
---------

If Conjecture [1](#FPar2){ref-type="sec"} is true, then the Herzog-Schönheim conjecture is true.

The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we give some preliminaries on automata and on irreducible non-negative matrices. In Sect. [3](#Sec5){ref-type="sec"}, we present a particular class of automata adapted to the study of the Herzog-Schönheim conjecture in free groups and describe some of their properties. In Sect. [4](#Sec8){ref-type="sec"}, we prove Theorem [1](#FPar1){ref-type="sec"} and Theorem [2](#FPar3){ref-type="sec"}. We refer to \[[@CR7]\] for more preliminaries and examples: Sect. [2](#Sec2){ref-type="sec"}, for free groups and covering spaces and Sect. [3.1](#Sec6){ref-type="sec"}, for graphs.

Automata, Non-negative Irreducible Matrices {#Sec2}
===========================================

Automata {#Sec3}
--------
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Irreducible Non-negative Matrices {#Sec4}
---------------------------------

We refer to \[[@CR1], Ch. 16\], \[[@CR19], Ch. 8\]. There is a vast literature on the topic. Let *A* be a transition matrix of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\times d$$\end{document}$ of a directed graph or an automaton with *d* states, as defined in Sect. [2.1](#Sec3){ref-type="sec"}. If for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1\le i,j\le d$$\end{document}$, there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \mathbb {Z}^+$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(A^m)_{ij}>0$$\end{document}$, the matrix is said to be *irreducible*. For *A* an irreducible non-negative matrix, *the period of* *A* is the gcd of all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \mathbb {Z}^+$$\end{document}$ such that there is *i* with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(A^m)_{ii} >0$$\end{document}$. If the period is 1, A is called *aperiodic*. In \[[@CR19]\], an irreducible and aperiodic matrix *A* is called *primitive* and the period *h* is called the *index of imprimitivity*.

Let A be an irreducible non-negative matrix of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\times d$$\end{document}$ with period $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h\ge 1$$\end{document}$ and spectral radius *r*. Then the Perron-Frobenius theorem states that *r* is a positive real number and it is a simple eigenvalue of *A*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{PF}$$\end{document}$, called the *Perron-Frobenius (PF) eigenvalue*. It satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\min \limits _{j}\sum \limits _{i}a_{ij}\le \lambda _{PF} \le \max \limits _{i}\sum \limits _{j}a_{ij}$$\end{document}$. The matrix *A* has a right eigenvector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_R$$\end{document}$ with eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{PF}$$\end{document}$ whose components are all positive and likewise, a left eigenvector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_L$$\end{document}$ with eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{PF}$$\end{document}$ whose components are all positive. Both right and left eigenspaces associated with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{PF}$$\end{document}$ are one-dimensional. The behaviour of irreducible non-negative matrices depends strongly on whether the matrix is aperiodic or not.

### Theorem 2.2 {#FPar5}
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A Particular Class of Automaton Adapted to the Study of the HS Conjecture {#Sec5}
=========================================================================

The Schreier Automaton of a Coset of a Subgroup {#Sec6}
-----------------------------------------------

We now introduce the particular class of automata we are interested in, that is a slightly modified version of *the Schreier automaton for* $\documentclass[12pt]{minimal}
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From the correspondence between the vertices and the cosets as described in Definition [3.1](#FPar6){ref-type="sec"}, there exists a directed path from any vertex $\documentclass[12pt]{minimal}
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Properties of the Schreier Automata in Coset Partitions {#Sec7}
-------------------------------------------------------

We recall here some results proved in \[[@CR8]\].

### Theorem 3.4 {#FPar9}
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Proof of the Main Results {#Sec8}
=========================

Properties of the Transition Matrix of the Schreier Graph {#Sec9}
---------------------------------------------------------

We study the properties of the transition matrix of a Schreier graph.

### Lemma 4.1 {#FPar10}
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Translation of the HS Conjecture in Terms of Automata {#Sec11}
-----------------------------------------------------
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